We study, both analytically and numerically, the cascade of failures in two coupled network 
networks become independent, and the giant components are equivalent to a random attack on a single Erdős-Rényi network. We also test our theory on two coupled scale-free networks, and find good agreement with the simulations.
I. INTRODUCTION
that of a single network [15] . The failures of nodes in network A can lead to the failures of dependent nodes in network B, and the failures of nodes in network B can produce a feedback on network A leading to further failures in network A. This process can occur recursively and can lead to a cascade of failures.
We provide a theoretical framework for understanding the robustness of interdependent networks with a random number of support and dependent relationships. Our theory agrees well with the numerical simulations of several model network systems, including coupled
Erdős-Rényi (ER) [17] and coupled scale-free (SF) [2] networks. Our work extends previous works on coupled networks [15, 16] from one-to-one dependent-support relation to multiple
Poissonian dependent-support relation. Our model can help to further understand real-life coupled network systems, where complex dependence-support relations may exist.
We define the stable state to be the state when the cascade of failures ends. We show that for two coupled ER networks the giant components of both networks in the stable state follow a simple law, which is equivalent to random percolation of a single network in the limit of a large number of support links. Our theory is relevant to a broad class of real-world interdependent network systems.
The paper is organized as follows. In Sec. II, we explain the model of the cascade of failures with random support-dependent relations. In Sec. III, we derive analytically the process of the failure cascade. In Sec. IV, we present numerical tests on coupled ER and SF networks.
II. THE MODEL
We assume two networks A and B of sizes N A and N B and with given degree distributions, P A (k) and P B (k), of "intra-links" connecting nodes in the same network (Fig. 1) . The 
III. ANALYTICAL SOLUTION
The stable state of the two stable connected giant components in both networks are usually reached after several stages in the cascade of failures. We define c A B Since, in our model we randomly set up c 
Since we assume that all support links from network B exist, we use c 
The number of support links c BA then will be reduced from c 
where p Next, we will use the apparatus of generating functions [20] to derive the analytical forms of µ 
Analogously, the generating functions of the underlying branching processes are
After random removal of a fraction 1 − p of nodes, the remaining p fraction of the network will have different degree distribution. The new generation functions G 0 and G 1 will be [18, 19] 
Similar, for network B,P 
where c 
Thus µ A n and µ B n , the fractions relative to their original sizes of giant components of network A and network B [18, 19] are
Accordingly, c AB and c BA follow the relations 
The functional forms of G A1 , G B1 , G A0 and G B0 can be complicated, thus Eqs. (14) can only be solved numerically for most cases, including coupled SF networks. However, for ER networks, G 0 (x) and G 1 (x) have the same simple form [20] ,
where for network A, k = a and for network B, k = b. Thus, the above process of the cascade of failures can be significantly simplified. Eqs.(10) can be reduced to (14), for the stable state of two coupled ER networks, we get a system of two equations with two remaining unknowns, f
The solutions of Eqs.(17) for f A ∞ and f B ∞ can be used to calculate the stable mutually connected giant components of both networks as
From Eqs. (18), using Eqs. (13), we can derive the percolation law for the fractions of the stable giant components of both coupled ER networks
Eq. (19) and Eq. (20) Fig.2) represented by Eqs. (19) and (20) . The thresholds can be found from the tangential condition dµ
together with Eqs. (19) and (20).
IV. NUMERICAL SIMULATIONS
Next, we compare our theoretical results obtained in Sec. III to results of numerical simulations. We begin with comparing the simulations of the stages of the failure cascade in coupled ER networks with our theoretical predictions. In all our simulations, we use For coupled SF networks, at R A = R A c , the fluctuations of both µ A n and µ B n seem to be relatively larger than that of coupled ER networks, due to the existence of large degree nodes in SF networks. have been found for other sets of parameters.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we extend previous works [15, 16] on the cascade of failures on interdependent networks by considering random support-dependent relations between two coupled network systems. Our theory is in excellent agreement with the numerical simulations on coupled Erdős-Rényi (ER) and coupled scale-free (SF) networks systems. For coupled ER networks, the percolation law for the giant components of both networks have a simple form, which in the limit of large number of supports gives the percolation law for single networks. Only in the limit of a large number of support is the percolation transition of second order, while in general case, the coupled network show a first order phase transition.
Our model can help to further understand real-life coupled network systems, where complex dependence-support relations exists. Recently, a complementary approach to study the robustness of coupled networks system has been proposed [23] , which is based on a quite different assumption about the way networks are coupled. In contrast to our case where p c increases due to coupling, in their case p c decreases. Note that there are also recent efforts to study the robustness of single networks [24] [25] [26] undergoing targeted percolation, which correlates with the topology of the network. In the same spirit, our work can be extended to study the robustness of coupled networks under non-random percolation. A first attempt in this direction for interdependent networks can be found in Ref. [27] .
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